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Abstract. In this paper, we establish some new Hadamard type inequalities 
for s-logarithmically convex functions in the second sense via fractional inte- 
grals by using Lemma 1 which has been proved by Sarikaya et al. in the paper 
0. 



1. Introduction 

The following result is well known in the literature as Hadamard's inequality pQ. 

Theorem 1. Let f : I C K — > K be a convex function on the interval I of real 
numbers and a, b G / with a < b. Then 

The following definitions is well known in the literature: 

Definition 1. A function / :/ ->!, where I is a convex set, is said 

to be convex on I if inequality 

f(tx+(l-t)y)<tf (x) + (l-t)f(y) 

holds for all x,y G / and t G [0, 1]. 

In [2], Akdemir and Tung were introduced the class of s-logarithmically convex 
functions in the first and second sense as the following: 

Definition 2. A function f : I C Mo ^+ is said to be s-logarithmically convex 
in the first sense if 

(1-2) f{ax + (iy)<[f{x)f [f{y)f 

for some s G (0, 1], where x,y £ I and a s + (3 s = 1. 

Definition 3. A function f : I C Mo ^+ is said to be s-logarithmically convex 
in the second sense if 

(1-3) f(tx + (l-t)y)<[f(x)f[f(y)f- t)S 

for some s G (0, 1], where x,y G I and t G [0, 1]. 
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Clearly, when taking s = 1 in Definition [2] or Definition [3j then / becomes the 
standard logarithmically convex function on /. 

Definition 4. Let f G Li[a,b]. The Riemann-Liouville integrals J"+f and JFLf of 
order a > with a > are defined by 

X 

J " +/ {x) = r{a)J {x ~ t)a ^ f(t)dt > x > a 

a 

and 



b 

Jb-f(x) = / (* - x )"~ 1 f^ dt > x < b 



1 

Tja) 



respectively where T(a) = je u u a 1 du. Here is J® + f(x) = J®_f(x) = f{x). 

o 

In the case of a = 1, the fractional integral reduces to the classical integral. For 
some recent results connected with fractional integral inequalities see [3J- [H] ■ 
In [3J, Sarikaya et. al. proved the following results for fractional integrals. 

Lemma 1. Let f : [a, b] — > R be a differentiable mapping on (a,b) with a < b. If 
/' G L [a, b] , then the following equality for fractional integrals holds: 

b - 



a 



2 



[(I - t) a - i Q ] f (to +(!-*) b) dt. 



Theorem 2. Let / : [a, b] — > K 6e a differentiable mapping on (a, 6) wi£/i a < b. If 
/'| is convex on [a, 6] , £/ien </ie following inequality for fractional integrals holds: 

f(a) + f(b) r(a+l) 

- [Jb-JW + Ja+f( b )\ 



2 



2 2(&-a) c 

^(i-i)o/'(«)i + i/'wi 



In the present paper, we will establish several Hermite-Hadamard type inequali- 
ties for the class of functions whose derivatives in absolute value are s-logarithmically 
convex functions in the first and second sense via Riemann-Liouville fractional in- 
tegral. 



2. Hadamard type inequalities for S-LOGARITHMICALLY convex 

FUNCTIONS 



Theorem 3. Let I D [0, oo) be an open interval and f : I — y (0, oo) is differentiable. 
If f G L [a,b] and |/'| is s-logarithmically convex functions in the second sense on 
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[a, 6] for some fixed s e (0,1] and /x, 77 > with /x + 77 = 1, then the following 
inequality for fractional integrals with a > holds: 



(2.1) 



< 



where 

(2.2) *(V0 



f(a) + f(b) T(a + 1) 



2 2 (6 - a) 

6-a f /- 1/2 



4[J 6 a - /(«) + ■£+/(&)] 



/x [(1 - t) a - * a p (ft + / /x[i a -(l-i) Q ]~di 

Jl/2 



+ 7?x|/' (6)|-V(-, £ 

\7? ?7 



In ip 



Proof. By Lcmma[T]and since |/'| is s- logarithmically convex functions in the second 
sense on [ex, 6] , we have 

/(.) + /(») r(« + ') w/w + JSh/w] 



< 



< 



< 



2 

6 — a Z" 1 



(i 



6 — a 

1 



2 (6 -a) 

(1 -i) Q -t a | I/' (to+(l-t) 6)| d£ 
(l-t) Q -i Q ||/>)| t '|/'(&)| (1 ~ t) 'd* 



[(1-tr-ni/' (a)f \f (b)\ (1 - tr 



dt 



(2.3) 



+ ^ 2 [t a - (1 - t)°] I/' (a)f I/' (fe)| (1 " t)S ^ j> , 



1 1 



for all t G [0, 1] . Using the well known inequality mn < fim* + 77711 , on the right 
side of (|2.3p . we have 

/(.) + /(») rc + i^ 



< 



2 2 (6 -a) 

6-a f r 1 / 2 



1 /2 s 

/,[(l-i) a -t°']*# + / ~ v\f (a)fi \f [b)^ dt 
Jo 

+ f »[t a -(l-t) a }tdt+ f r,\f(a)fi\f'(b)\^dt) 

Jl/2 Jl/2 J 

; % [(1 - t) Q - * Q F d* + t ^[t a -(l-t) a ]i dt 

Jl/2 



+ V / |/'(a)| " |/' (6)| * eft 
Jo 

If < A < 1, <u,v < 1, then 

(2.4) A u " < X uv . 
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When ip(u,v) < 1, by 1274]) . we get that 
(2.5) 



\f I/' (6)|^ dt< [ \f (a)| * |/' (6)|^ dt = |/' (6)|* ^ ( £ , £ 



From ((231) to (|2"3j) . (j2~T|) holds. 



□ 



Remark 1. If we take a = 1, m TTieorem [3J i/ien i/ie inequality \2. 1\) become the 
inequality 

rb 



f(a) + f(b) 1 



b — a 



f (x) dx 



< 



b — a 



J^ + V x\f> (6)|M-, £ 



The corresponding version for powers of the absolute value of the first derivative 
is incorporated in the following result: 



Theorem 4. Let I D [0, oo) be an open interval and f : I — > (0, oo) is differentiable. 
If f G L [a, 6] and \ f'\ is s -logarithmically convex functions in the second sense on 
[a, 6] for some fixed s £ (0, 1] and /i, r\ > wi£/i fi + r/ = I and p,q > 1, i/ien ifte 
following inequality for fractional integrals with a > holds: 



(2.6) 



/(„) + /<») r«, + y /w] 



< 



2 

b — a 



2(b-af 
-|/' (6)| s (^( S <z, Sg ))i 



2(ap+ 1)5 

where l/p + 1/q = 1, and -0 (u, w) is defined as in \2.2\ 



Proof. By Lemma[T]and since |/'| is s-logarithmically convex functions in the second 
sense on [a, b] , we have 



(2.7) 



< 



Z1 ^-2W^ /(fl) + J - /(6)] 
[l-t) a -t a \\f'(a)f \f (b)\ {1 - tV dt 



b-r 'I 



for all t G [0, 1] . Using the well known Holder inequality, on the right side of (|2.7I 
and making the change of variable we have 

f(a) + f(b) r(o + i) 



(2.8) 



2(6-a) c 



[J« /(a) + J« + /(6)] 



< 



b — a 



(1 -t) a -t a \ p dt 



2 vo 

It is know that for a, ii, £2 <E [0, 1] , 

\t\ — *2 I — 1*1 — , 

therefore 



l/»f I/' (6)1 



(2.9) 



1 r 1 

a +a\P ^ I 11 1+l a P . 



|(1 — i)" — t«l^ rft < / |1 - 2t|^ rf£ = — = — . 
o Jo ap+l 
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Since |/'| is s-logarithmically convex functions on [a, b] and t/j (u,v) < 1, we obtain 

(2.10) / \f (a)\ qtS \f (b)\ q ^- tr dt < \f (b)\ sq i> (sq, sq) 

Jo 

From (1211) to (j2A0]t . ([2^6]) holds. □ 
A different approach leads to the following result. 



Theorem 5. Let I D [0, oo) be an open interval and f : / — > (0, oo) is differentiate. 
If f G i [a, 6] awe? is s-logarithmically convex functions in the second sense 
on [a, b] for some fixed s £ (0, 1] and [A, r\ > mt/i ^ + n = 1 and q > 1, i/ien ifte 
following inequality for fractional integrals with a > holds: 

f(a) + f(b) r(a+l) 



(2.11) 



< 



2 

b — a 



q -(l-c)(q-l) 



2{b-a) L 



2 a - 1 



a + 1 



[J£L/ (a) + ./£/(&)] 



— : — + ?7 / W ^ — ,— 
a + fi \ T) r) 



where ip (u, v) is defined as in \2.2\ 



Proof. By Lemma [T] and using the well known power mean inequality, we have 

m + ,m r <o + i) w _ /(o)+j; , /(t)] 



< 



b-a f 1 



2(b- a y 

\(l-t) a -t a \\f (ta+(l-t) b)\dt 



< 



b — a 



\(l-t) a -t a \dt 



It is easily check that 



|(1 -t) a -t a \dt 



\(l-t) a -t a \\f(ta+(l-t)b)\ q dt 



— (l- 1 - 
a + 1 V 2 Q 



Since \f'\ q is s-logarithmically convex and using the well known inequality ran < 
/ira ** + 77711, we obtain 

|(1 - t) Q - t«| I/' (to + (1 - t) b)\ q dt < f 1 1(1 - <) Q - tf»| |/' (a)| 9tS I/' (6)| 9(1 - tr 

Jo 

~1 



< 



|l-2t| a |/' (a)| 9tS |/' {b)\ q{1 ~ tY dt 



dt 



g(i-t) s 



< n \l-2t\»dt + ri \f (a)\— \f (b)\ " dt. 



It is easily check that 



J \l-2t\Ut = ,^- = ^- 
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Afterwards, when ip(u,v) < 1, by ()2.4|) . we get that 
(2.12) 



|/'(a)|^|/'(&)|"dt< 



9(1-*) 



|/'(a)|-|/'(6)|^^di=|/'(6)|-^ 



77 ' t? 



Therefore 

/(«) + / (6) 



r(a + l) 



2 (6 -a) 



^[J« /(a) + J a Q + /(6X 



< 



< 



2 

b — a 



a + l 
2 



1 - 



a 



1 



2 Q 



1 2 Q 



H / |l-2t|*dt + » 7 / |/'(a)| " 



+ r,|/'(&)|^ ^ 



which comletes the proof. 



□ 
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